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An algorithm improving the accuracy of Monte~Carlo calculations of the configurations of off-lattice 
polymer chains is described. It is used to investigate excluded-volume effects in rotational-isomeric-state 
polymethylene chains perturbed by Sutherland potentials and a particular Lennardqones potential. The 
importance of accounting properly for chain structure when determining expansion factors is clearly shown. 
The effective value of the segmental cluster integral is discussed in detail showing that it cannot be calculated 
directly from the potential function used but is strongly dependent on chain structure. Due to uneven chain 
expansion, i.e. the different perturbation of the various moments of the end-to-end distance distribution, 0- 
ranges rather than single 0-points are predicted at infinite chain length. The shortcomings of lattice models for 
chains are discussed, again emphasizing that chain structure must be included in calculations of chain 
expansion if meaningful interpretations of experimental expansion coefficients at different temperatures are 
to be achieved. 

(Keywords: Monte-Carlo calculations; chain structure; perturbation; excluded volume; theta-point; cluster integral; chain 
expansion; chain contraction) 

I N T R O D U C T I O N  

The rotational-isomeric-state (RIS) description of the 
unperturbed dimensions of polymer chains 1 is widely 
accepted as satisfactory for interpreting mean-square 
end-to-end distances ((r~>) and temperature coefficients 
(dln(r2>/dT) in terms of chain structures. In general, for 
reasonably flexible chains, two energy parameters 
describing energy differences between conformational 
states of sequences of four skeletal bonds are needed. Such 
RIS models account for the interdependence of 
contiguous pairs of rotational states ( t , 9 + , 9 - )  of 
sequences of 3 skeletal bonds in that consecutive 9auche 
states of opposite sign (9_+,9~) have an energy ( E J  in 
addition to that of two independent 9auche states, 2E,. 
The values of (r2> from such interdependent RIS models 
may be denoted 2 (ro.int>. If E,o is neglected then 3-bond 
conformational states are independent and the mean- 
square end-to-end distance is denoted 2 < r0,ind>. 

The present paper takes the interdependent RIS model 
of Abe, Jernigan and Flory 2 (AJF) of the polymethylene 
(PM) chain to evaluate <r~,int) , as well as other moments  
of the end-to-end distribution (<rqint>) and investigates 
the effects of excluded volume o n  these dimensions in 
terms of uneven expansion and 0 points. Expansion in 
terms of (rZo,i.d> and the mean-square radius of gyration, 

S 2 (0,int), are also briefly considered. Solvent quality is 
mirrored by using several potential functions for effective 
segment-segment interactions. The potential functions 
allow chain expansion and contraction to occur so that 
comparisons can be made with lattice calculations and 
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with predictions of analytical expressions for expansion 
factors. The calculations show the importance of 
accounting correctly for chain structure when correlating 
excluded volume with chain length and/or temperature. 

Monte42ar lo  calculations using Metropolis sampling 
have been used, and an algorithm is described which 
reduces rounding errors when sections of off-lattice 
chains are moved, a s  in the present work. The 
computational  method has been used extensively in 
previous calculations of diffusion coefficients 3 v, 
comparisons of dimensions of lattice and off-lattice 
chains 8, chain folding 9, adsorption ' ° ' '~ ,  comparative 
studies of linear and cyclic polymers 6'7'' 2-14, and particle 
scattering functions '4-16. However, the algorithm has 
not been described previously. 

C H A I N  M O D E L  

Local interactions 
Rather than use the terms short-range and long- 

range interactions, local and non-local interactions are 
preferred 8, as the real distinction between the two types is 
the chemical separation rather than the spatial separation 
of participating groups. 

The AJF RIS model of the PM chain has geometric 
parameters 1'2, C -C  bond length ( l )=0.153nm, CCC 
bond-angle supplement (0)=68 °, and conformational 
angles ~b r = 0  ° and q~g+=+112.5 ° . The energy 
parameters for local interactions are E,  = 1674 J m o l -  1 
(400 cal mol - 1 ) and E,o = 6276 J mol - ' (1500 cal mol - ~ ). 

Non-local interactions 
The representation of non-local interactions between 

pairs of segments in a polymer chain by simple potential 
functions necessarily introduces a certain arbitrariness. 
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However, through the systematic variations of the 
numerical values of the parameters of the functions, 
comparative overall changes can be investigated. Also, it 
is important to remember that present theories of 
polymers in solution treat the solvent as a continuum. 
Potential energies of interaction are essentially effective 
energy differences derived from segment-segment, 
segment-solvent and solvent-solvent interactions 
according to the quasi-chemical equilibrium t° '~ .  Thus, 
two segments at relative position vector r have an effective 
energy 

E(r)=E22(r)=2E12(r)-2AE,2(r)-E~I(r) (1) 

where AEt2 is the interchange energy of a solvent 
molecule (1) and a polymer segment (2) and is related to 
the Flory-Huggins interaction parameter Z (neglecting 
entropic contributions). Given the gross neglect of solvent 
structure, it is permissible to treat the polymer segments 
of non-polar chains as single, spherical entities and to use 
orientation-independent potential functions. In this case, 
scalar separations can be used in equation (1), and, for the 
PM chain, - C H  2- units are taken as the segments. 

The simplest function to use, which at least reflects 
dispersion-force laws, is the Sutherland potential 
function x ~ having a hard-core repulsive potential and an 
r -6  dependence outside the hard-core. Thus, 

E(r)=o% r<r~ 

and (2) 

E(r)=cr -6, r~r~ 

where c and r~ are arbitrary constants. For  a given 
polymer chain in solution, re may be taken as constant, at 
least to the same level of approximation that unperturbed 
dimensions (local interactions) are independent of 
solvent. Remembering equation (1), c may be positive or 
negative, i.e. 

E(r)=cr-6=(2ct2-2Acl2-ctOr -6 (3) 

where g12(r)=c12 r-6, etc.  As c increases the quality of 
solvent improves. At some negative value of c, 0 
behaviour (unperturbed dimensions) will occur. When 
c = 0, the chain is one of spherical, hard-core segments. 
Although, for c = 0, the energy per non-local interaction 
will be independent of temperature, the excluded volume 
of the chain will still vary with temperature because the 
unperturbed dimensions (populations of t and 9 states) so 
vary and give different numbers of segment overlaps. 
Such a temperature dependence of excluded volume does 
not arise if idealised, random-flight chains are used as the 
unperturbed basis. When c > 0 ,  E(r)  decreases 
continuously as a function of r, for r>_-r~. The majority of 
the calculations in the present paper have used 
Sutherland potential functions. 

The Lennard-Jones (L-J) potential function has often 
been used in Monte-Carlo calculations. However, the 
advantages gained in the context of polymer solutions are 
hard to see. One cannot easily keep the repulsive core 
constant and systematically vary the attractive potential. 
In this potential function 

f / r * \  12 E(r) = 4~*~-;-) _ (~_)6) (4) 

E = 0 when r = r*, and E = - e *  defines the minimum of 
the potential well, situated at (r*/r)=21/6. In order to 
compare the behaviour of the Sutherland and L-J  
functions, one particular L-J function was used in the 
present investigation, namely, that with 'consistent 
parameters' (CP). These parameters were defined so that 
the local (t,g) energies of - C H 2 -  groups at their various 
separations were consistent with the non-local energies 
from the L-J  potential. Consider the t and g states of a 
three-bond (butane) sequence in the chain; denote their 
energies by Et and E2 and their end-to-end separations by 
r I and r2, respectively. Similarly, let the g + g +  and 
g+gT-  states of a four-bond (pentane) sequence have 
energies E3 and E4 and end-to-end separations r3 and r4. 
In order to make local and non-local interactions 
consistent, one puts E2-El=Ea and E4-Ea=Eo, to 
give the two equations 

and 

[ / r* \  12 (r*~'E_(r*~6+(r*~6~ 
E"=4e*~k~2 ) - - \ r l /  \ r2 /  \ r l /  / 

////r* \ 12 (r__* ~ 12 _ (rI~6 ..~_ (r__* ~ 6 ~ 
E'° = 4e*k~-4) - \ r a /  \ r , /  \ r3 /  / 

(5) 

(6) 

Equations (5) and (6) can be solved for r* and e*. The 
values so obtained were r* = 0.3264 nm and 
e* = 603.2 J mol - 1. By using these consistent parameters, 
-CH 2 / -CH  2- interactions follow a single law 
independent of the relative chemical positions in the chain 
of the interacting groups. By way of contrast, Lal and 
Spencer 17 (LS) used values of r* and e* derived from data 
on bulk polyethylene, r* was estimated at 0.419 nm from 
the - C H  2 -  . . .  - C H  2 -  separation in solid polyethylene at 
OK, and e* as 318.0Jmo1-1 (76.0calmo1-1) from the 
heat of sublimation. This potential gives values of 
95.8 kJ mol -  1 and 36.7 kJ mol -  1 for Eo and E~,, 
respectively. Remembering that the values of 
1.674 kJ mol -  1 and 6.276 kJ mol -  1 are those of the more 
normally used AJF model of the PM chain, the L-J/LS 
potential gives large excluded volume effects. 

Parameters of the Sutherland potential functions used 
For all the potentials, r~ was set at 0.27 nm. This value 

had been used previously s as it is equal to the distance 
between the 'prow' and 'stern' - C H  2 -  groups in the boat 
form of cyclohexane. 

The values of c used were chosen partly in relation to 
characteristics of the L-J/C P function. One characteristic 
used was e* and the other was the binary cluster integral, 
fl, usually taken as the chain-length-independent 
parameter for describing excluded-volume effects. The 
value to be calculated for a given potential function is 

flealc = f (1 -- exp(E(r)/RT))4zrr2dr. 

0 
(7) 

It assumes that the separation of a pair of segments can 
vary from 0 to oo. Its effective values (fleg) for various 
chain lengths will be discussed later. For  accuracy of 
numerical evaluation of flca=c for the Sutherland potential 
(equation (2)) using standard integration routines, 
equation (7) was transformed to 
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1 

flcalc = 41tr3/3 + f (4rcr~/x4)( 1 -- exp(h(x))dx,  

0 

(8) 

where x = r¢/r and h(x) = -- (c/RT)(x/r¢) 6. 
The values of c of the Sutherland potential functions 

employed are given in Table 1, and the variations of flcal¢ 
with temperature for these and the L-J /CP and the L -  
J/LS potentials are shown in Figure 1. Apart from the 
potentials chosen for comparison with the L-J /CP 
function, those with equal intervals in E(r¢) were used as 
well as that with c =0 .  More functions with negative 
values of c were employed so that 0-behaviour could be 
investigated. 

C O M P U T A T I O N A L  M E T H O D S  

Complete enumeration 
The general method used has been described 

previously 9'~8 and only the main points are given here. 
The complete enumeration of the energies and required 
properties of all the 3 x- 3 configurations of a chain of x 
segments was possible for x~< 16 using the CDC 7600 
computer at the University of Manchester. 

If configuration j has energy E j, which is the sum of its 
local and non-local energies, and property p j, then the 
required configurational average of p is 

The vector connecting segment i to segment k (i< k) 
may be written 

rik=li+l +~+ali+2+~+,-T_i+21i+3+...~+l."-T_k-,lk, 
(lo) 

where, according to the usual notation 1, for a chain of n 
bonds, the segments are numbered 0 to n, I,, is the bond 
vector ending at segment m, and =T,, is the transformation 
matrix defining rotation about m to bring the coordinate 
system of bond m + 1 parallel to that of bond m. For  the 
PM chain, li= [l,0,0] T, and 

cos0 sin0 0 1 

Ti=/sin0.cos~b i --COS0.COS~bl sint~i J (11) 
- [_ sin0.sin~bi - cos0.sinq~i -cos~b i 

Complete enumeration merely requires the generation 
of sequences of n-2~b's  which are coded as integers 
according to the convention ~bi = 1,2, 3, respectively for t, 
g +  and g - .  The initial, all-trans configuration is 
therefore a series of l's. The energy of this chain is 
calculated and its properties evaluated. Subsequent 
configurations are then generated by changing individual 
q~'s in a cyclic manner, starting with q~,_ 1, and the sums in 

(p)  = ~ p j e x p ( -  Ej/RT)/~exp(- Ej/RT), 
J J 

(9) 

where, for the present work, p is equal to r q, q = 1,2 . . . .  i0, 
and to s 2. Using complete enumeration, the denominator 
in equation (9) is the configurational partition function of 
the chain model used. With the inclusion of non-local 
interactions, the coordinates of all chain segments are 
required to give distances r~, allowing E(r0,) to be found 
from equations (2) or (4) for all distinct pairs of segments, 
with k-i~> 5. The total energy of the all-trans chain 
(Ela .... +E,_l ,  t .... ) is taken as zero. The local energy, 
Et, t ..... is already defined as zero. Hence, the non-local 
energy, E,_z,t ..... is evaluated first and subtracted from 
the non-local energies of all subsequent configurations. 
Calculations with unperturbed chains do not require 
knowledge of the coordinates of all segments, except as 
required by the particular property being considered, e.g. 

2 r 2 k  f o r  (s~). Only knowledge of the set of 
i<k 

conformational angles for configuration j, {~b}j, and the 
resulting Ez, J is required. 

150 ,. 

I I I | 

200 400 600 800 1 000 

T(K)  

Figure 1 Segment-segment  binary cluster integral (flcalc) versus 
temperature for various potential functions. Curves A-I,  Sutherland 
potentials with values of c given in Table 1. (- ) Lennard-Jones 
consistent parameter (L-J/CP) potential. ( . . . . .  ) Lennard-Jones,  Lal 
and Spencer (L-J/LS) potential 17 

lOO 

E 50 c /0 
-50 

- 100  

- 1 5 0  

Table 1 Values of the parameter c used in calculations with the Sutherland potential function, equation (2). E(rc) energy at r = re, where r,. = 0.27 nm. 
The letters to the left correspond to the curves in Figure 1 

E(rc) c 
J mol 1 (cal mol-1)  (J nm 6 m o l - ' )  Comments  

1 2510 (600) 0.9726 
2 603.2 (144.16) 0.2337 
3 0 (0) 0 
4 -603.2 ( -  144.16) -0.2337 
5 - 1351 ( -  323) - 0.5236 
6 - 1678 (-401) -0.6500 
7 - 2510 ( -  600) - 0.9726 
8 - 3347 ( -  800) - 1.2930 
9 -4184 (-1000) -1.6210 

same min imum ( - e * )  as L - J /CP  
same flealc as L - J /CP  at 500K 
same flcalc as L - J /CP  at 298.2 K 
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equation (9) are built up, term-by-term, as each 
configuration is generated. 

Metropolis sampling 
In the Metropolis procedure ~ 0,~ ~ the configurations of 

randomly chosen sections of the chain are changed. A new 
configuration is accepted or rejected according to criteria 
which, in the limit of an infinite sample, result in 
configurations being generated with frequencies 
proportional to their Boltzmann factors, 
exp(-(E~ + E,_ ~)/RT). Thus, equation (9) is replaced by 
the simple average 

N 

(p> = y~ pj/N (12) 
j=1 

for a sample of N configurations. The method gives more 
rapid convergence, to better than 1 ~o in ( r2 ) ,  than 
random sampling. As only part of the chain is altered 
between configurations, the method has proved 
particularly suitable for cyclic chains 6'7'12-14, and for 
calculations involving a molecule moving in an external 
reference frame, e.g. for adsorption onto a surface ~°'1 ~,19 
or centre-of-mass diffusion 2°. 

The length of section of chain over which contiguous 
conformational angles are changed in a Metropolis move 
is arbitrary. Tests in the present work on PM chains 
showed that  the fastest convergence was usually obtained 
when two adjacent ~'s were changed. However, up to four 
contiguous conformations per move were sometimes 
used. Care must be taken that the particular end of the 
molecule which moves in the external coordinates is 
chosen randomly. In addition, rounding errors, which 
result from the numerous matrix multiplications required 
to determine coordinate positions must not be allowed to 
become significant. 

Metropolis moves: Internal coordinates 
The segments are still numbered 0 to n, with 0 denoting 

the leading end of a chain and n the trailing end. A 
sequence of v bonds is chosen randomly to undergo 
conformational change, with the proviso that less than v 
bonds can be moved if a chain end is encountered. In this 
way, each bond has an equal probability of undergoing a 
conformational change. The change of conformations of a 
sequence of bonds within a chain causes the segments in 
that sequence and one of the chain ends to move in 
external space. The particular end to move is chosen 
randomly. If the trailing end is moved, then equation (10) 
can be used to generate coordinates ro,(k>i). The 
conventional right-handed (r.h.) internal, local 
coordinate systems for the bond vectors, consistent with 
equation (11), is used 1, with positive directions going 
from 0 to n, as shown in Figure 2a. For  movement of the 
leading end, a 'reverse' set of r.h. local, internal 
coordinates may conveniently be defined, as in Figure 2b. 
The bond vector from segment i to i -  1 is denoted I'g_ 1. 
The coordinate system centred on segment i has X~_ 1 
lying along g/_ 1, Y/-1 giving a positive projection on the 
preceding bond (X'~), and ZI completing a r.h. system. 
O'i-~ and ~b' i_ 1 are as shown in Figure 2b with ~'i-1 r.h. 
positive. The vector r~ k is now given by the equation 

ri'k=i~_l +__T/- 1t~- 2 + . . .  +ZLI__T/-2...__Tk'+ 11~, (13) 

i -3  

l/_ 2 

Zi+l  

/ 
J~ ei+l 

Y i# / /+1  

I I 

~ ° L  -~ x~ i-1 1_ r I i 

/zi U -'.. I "~ Yi*l 

i-2 a 

II 
i+2 

Xi'_ 1 -~-- 

/~-3 

i -3 

i+1 i+2 

i -1  i 
A 

t,- o;Wl 
/ I  

• Y ; - 1  
w 

i -2  b 

Figure 2 Definition of right-handed, internal local coordinate systems 
for the movement of (a) trailing and (b) leading chain ends 

T,' is the matrix obtained from equation (11) by where = 
replacing __T/, Oi and ~b i respectively by _T/, 01, and ~b' i. The 
chain parameters of the reverse and forward sets are easily 
related as 

0;=0i, (14) 

and 

~;-1 =$i, (15) 

l;_ 1 =1 i. (16) 

In addition, when considering a chain in which all valence 
angles are the same, 

~'_, =__T,. (17) 

Metropolis moves: External coordinates 
The local coordinates of segment j may be transformed 

to external coordinates using the general relationship 

R~ = aj + P__rj (18) 

Rj and rj are, respectively, the position vectors in the 
external and internal systems, aj is the shift vector 
(translation) connecting the origins of the two systems, 
and _P is the rotation matrix between the two. For  a given 
move of v segments in internal coordinates, aj and P need 
to be evaluated for all the segments which move in the 
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external frame. __P may be evaluated provided that during 
a move in the external coordinates of any three 
contiguous (reference) segments are fixed. To decide 
which remain fixed, it is first decided randomly whether 
the leading or trailing end is to be moved. Then a 
segment, k, is chosen at random to be the origin of the 
internal system. For  a move of the trailing end, k is chosen 
from the set of integers {0,1 . . . .  n -  3}, whilst, for a move 
of the leading end, the corresponding set is {3,4 . . . . .  n}. 
With k chosen, the reference coordinates to be used for the 
determination of__P k m a y  be taken as those of segments k, 
k + 1 and k + 2 if the trailing end is moved, and those of k, 
k -  1 and k - 2  if the leading end is moved. Both these 
cases may be denoted k, k + t, and k + 2t, where t = 1 and 

- l, respectively, for moves of the trailing and leading 
ends. The respective conformation angles to be changed 
a r e  q~k + 2 . . . . .  ~bk + 1 + v and 4)~_ 2 . . . . .  ~b~_ 1 - v. Thus, the 
external coordinates of segments 0,1 . . . . .  k + 2 remain 
fixed for moves of the trailing end, whilst those of 
segments n , n -  1 . . . . .  k - 2  remain fixed for moves of the 
leading end (c.f. F i o u r e s  2 a  and 2 b  with k substituted for i). 

All chain configurational energies are expressed 
relative to that of the a l l - t r a n s  chain. Hence, it is 
convenient to generate this configuration first by locating 
segment 0 at the origin of the external system (i.e. 
a =  [0,0,0] T) and setting __P° =diag [1,1,1] r. In this way, 
the internal coordinate system defined by the first two 
bonds coincides with the external system. Construction of 
the remainder of the chain in the direction of the trailing 
end then follows the method used for exact enumeration. 
The non-local interaction energies are then calculated. 

The initial configuration of the Metropolis sequence is 
then generated according to the previous code, 1 for ~b,, 2 
for qSo+ and 3 for ~bg . Segment 0 is left at the origin of the 
external coordinate system, but the rotation matrix pO is 
chosen randomly through three Euler angles, ~,/3 and 7, 
relating the internal and external systems. __P is generally 
the matrix of direction cosines between the axes, given by 
the following standard relationships 2. 

P~x = cos e cos/3 cos 7 - sin e sin 7 

P~y = sin e cos/3 cos 7 + cos e sin7 

P ~  = - sin/3 cos 7 

Pyx = - cos ~ cos/3 sinv - sin ~ cos 7 

Pyy = - -  sin ~ cos/3 sin y + cos ~ cos 

Pyz = sin/3 sin 7 

(19) 

Pzx  = cos ct sin/3 

P=y = sin ~ sin fl 

Pzz  = cos/3 

As stated, subsequent configurations are generated by 
choosing randomly segment k, keeping segments k, k + t, 
and k + 2 t  fixed, and changing randomly the next v 
conformational angles, causing the trailing or leading 
ends of the chain adjacent to k + 2t to move in external 
space. Use of equation (10) in equation (18) gives for the 
trailing end (j > k) 

R j = a k  + p=klk+ l ~'-=PkCk+ l l k +  2 ~- . . .  

( 2 0 )  

T. Stepto 

and equation (13) in equation (18) gives for the leading 
end ( j<k)  

R j = a ~ + ~ I ' ~ _ , ~ G _ , I ' ~ _ ~ +  . . .  + ~ C _ ' ~ _ , ~ ' _ ~  . . .  Z.'+~I; 
(21) 

The shift vector 

a k = [ X  k, Yk ,Zk]  r (22) 

is known from the previous configuration. The matrices 
_-Ck + 1 and =C~,_ 1, are those obtained from ~ (equation (11)) 
but with q~k + 1 = qS~,_ 1 = 0. This substitution follows from 
the fixing of segments k, k + t and k + 2t in the X, Y plane 
of the external coordinate system. The use of equations 
(20) and (21) means that unnecessary matrix 
multiplications are avoided. Products such as 
=pkC=k + l=Tk + 2 are stored and only one further 
multiplication needs be performed for each bond added. 

The matrix =pk now needs to be determined. To do this 
equation (18) is used to define differences between the 
external coordinates of segments k to k + 2t, giving, in 
terms of components, 

X k  +, --  X k  = P , , ( X k  +, --  Xk) + Pxr(Yk +, --  Yk) + Px=(Zk + t - -  Zk) 

(23) 
X k  + 2t - -  X k  = P x x ( X k  + 2t - -  X k )  .qt- P x y ( Y k  + 2t - -  Y k )  

+ P,z(Zk  + z, - -  Zk), 

with corresponding pairs of equations for Yk+t--Yk and 
Yk + 2~ --  Yk, and Z k  + t - -  Z k  and Z k  + 2t - -  Zk" The internal 
( x , y , z )  coordinates of segments k, k + t and k +2 t  are, 
respectively, (0,0,0), (l~'+t,0,0) and (l i +, + I k + 2tCOS0k + t, 
* " * 1" l k + 2tSlnOk+t,O), where the are the scalar lengths of the 

corresponding vectors I and l', and 0* is the supplement of 
the appropriate valence angle. Elimination of the 
differences between internal coordinates in equation (23) 
then gives for six elements of 

Pxx = ( X k + , - -  Xk ) / l k+ t  

P y x =  (Yk +t - Yk)/l*+, 

P=x = (Zk  +, - Zk)/l '~+, 

(24) 

X k + t - -  P x x l k  + 2 t c O S O k  + t ) / Ik  + 2tSln0k + t p x y = ( X k + 2 t  - k , , , . , 

P , y = ( Y k + 2 , - - Y k + , - - k ,  * * " * (25) Pyf lk  + 2tcOSOk + ~)/lk + 2tSmOk + t 

P 1 cosO 1 slnO - -  z x k + 2 t  k + t ) / k + 2 t  k + t  p z y ~ _ ( Z k +  2 t _ Z k +  t k , , , . , 

The remaining three components can then be found using 
the orthogonality relationships for the direction cosines 
of a r.h. system, namely 22 

P~,~ = P r ~ ' P ~ r  - P~x,Pyy 

P y z  = P z x . P x y  - P x x P z y  

P =  = P x x . P y y  - P y x . P x y .  

(26) 

In order to apply this scheme successfully in practice, it 
is necessary to appreciate that, due to rounding errors 
arising from successive multiplications, the bond lengths 
l*+t and l~'+ 2, and the valence angle supplement 0"+, will 
not be numerically equal to the values used when the 
chain was originally constructed. To obtain an accurate 
evaluation of _P it is necessary to calculate these quantities 
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directly from the machine-stored, external coordinates of 
the appropriate segments. Thus, 

1"+, = ((Xk+ , -- Xk) 2 + (Yk+,-- Yk) 2 + (Zk+, -- Zk)2) 1/2 

and 

l~+ 2, = ((Xk + 2, -- Xk) z + ( Yk + 2, -- Yk) 2 + (Zk + 2, -- Zk) 2)t/2 

(27) 
Also, 

COS0~+ t = * * (Pk +t'Pk + 2t)/lk +tlk + 2t 

=((Xk+,--X~)(Xk+ ~,--X~+,)+(~+,-- K) 
x (Y~+2,- Yk+,) + (Z~+,- Zk) 

x (Z k + 2, - Zk +,))/l~+,l*+ 2r (28) 

Estimation of  rounding errors in moves in external 
coordinates 

Calculations were performed in which N different 
configurations were generated by changing sequences of 1 
and 4 contiguous conformational angles. The Metropolis 
criteria were not applied as only the build-up of rounding 
errors was investigated. The mean-square error in l, for 
example, was calculated as 

( A 1 2 ) = l ~ l ~ . ( l i - l * ) 2 ~ ,  (29)  
iv j= xlni= 1 ) j  

where N is the number of configurations generated, n the 
number of bonds in the chain, l~ the true bond length and 
l* the bond length from machine-stored coordinates of 
segments. <A12)'/2/1 at worse is increased to about 
5x  10 -12 (3 significant figures on the computer used) 
after 105 configurations. This value may be compared 
with that of 10 -9 to 10- 7 (6-8 significant figures) after 103 
to 104 configurations when actual values of l~, cos 0~ and 
sin 0~ were used to calculate =P from equations (24) to (26). 
Errors in cos 0 and cos 4) were also investigated and 
similar reductions were found. 

RESULTS AND DISCUSSION 

Variation of  ( r2 ) /n  with n and T 
Figure 3 shows the commonly used characteristic ratio 

(r2) /n  as a function of n at various temperatures. The 
curves illustrate the general variation of this quantity in 
the presence of an attractive potential, the L-J /CP 
potential. Also shown are (r2.int)/n and  (r2,ind)/n which 
may be used as different bases to calculate expansion 
factors. 

The (r2) /n  curves are seen to pass through maxima 
which become sharper and occur at shorter chain lengths 
as temperature decreases. Such behaviour reflects the fact 
that beyond a certain chain length (n= 17 with this 
particular potential) the all-trans chain is no longer the 
lowest-energy form of the isolated chain, and, as T 
decreases, compact configurations of low energy 
dominate the average dimensions. The details of such 
configurations have been discussed previously in the 
context of chain folding 9. 

Because the L-J /CP potential has been used, the ratios 
of ( r 2 ) / n  to (r2o,int)/n and  (r2,ind)/n define expansion 
coefficients (or20 on a consistent basis but relative to 
different unperturbed dimensions, giving widely different 
values of 0~, 2. The dotted curve at T = 0 %  with all 
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~ffcE 0.15 
A 

A 0.10 

0.05 

Figure 3 
AJF RIS model PM chains. ( ) Interdependent RIS model with 
non-local interactions given by the L-J/CP potential. ( - - - )  
Unperturbed interdependent RIS model ( ( r 2 i n t ) / n ) .  • . . . .  Unperturbed 
independent RIS model ( ( r2 , ind) /n ) .  Values of T (K) given with curves 
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Characteristic ratios ( r2 ) /n  versus number of bonds (n) for 

conformational angles of equal statistical weight, gives 
the unperturbed dimensions of freely-rotating chains 

2 ((r0.f)), similar to those of random-choice tetrahedral- 
lattice calculations (except that 0 = 68 ° and not cos-  1 (½)). 
The other dotted curves, with independent rotational 

2 states, give unperturbed dimensions ((r  0 ind)) similar to 
10 17 23 those used by Lal and collaborators ' " . The dashed 

curves give unperturbed dimensions with interdependent 
rotational states ((r2.int)) which relate more closely to the 
actual behaviour of unperturbed PM chains. The 
differences in magnitudes of the values of ~22 which would 
result, from using the three different unperturbed 

r2 2 r 2 ( r0 , i nd )  < 0,int), a r e  dimensions, (o , f ) ,  and immediately 
apparent from Figure 1. In addition, and more 
importantly, the three sets of expansion factors will not 
scale one to the other because the temperature coefficients 
of the unperturbed chains are different. ( r 2 f )  is 
independent of temperature, and the ratio (r2int)/(r2,ind) 
increases as temperature decreases. The lack of scaling 
emphasizes the importance of using the correct 
unperturbed dimensions of actual chains when 
attempting to interpret their excluded volume behaviour 
at various temperatures. 

Figure 4 shows (r~,int)/n and (rZ) /n  for two Sutherland 
potentials with c = 0and c = - 0.65 J nm 6 mol -  1. Marked 
chain contraction is apparent at 298.2 K for the latter 
potential, but to a lesser extent than for the L-J /CP 
potential. This relative behaviour illustrates effects of the 
shape of the potential function, as both functions have the 
same value of flca=c (see Table 1). The weaker, overall 
attraction of the Sutherland potential is also indicated by 
the facts that it gives only a shallow maximum at 500 K 
and no indication of a maximum at 1000 K for chains up 
to 100 bonds. At sufficiently high temperatures, for any 
potential for which E(r)---.O as r - - -~ ,  it is only the 
interactions at small ri~ (repulsive) which will perturb the 
dimensions and cause expansion rather than contraction 
(see later). 

The hard-core potential (c = 0) has often been used in 
lattice calculations of excluded volume in the guise of 
nearest-neighbour interaction. It is apparent that it 
cannot be used to describe chain contraction. Also, 
although the potential itself has a cluster integral 
independent of temperature, the chain expansion 
predicted on the basis of 2 (roint) increases with 
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temperature. This is because 2 (r0,int) decreases as 
temperature increases, giving more compact con- 
figurations having more segmental overlaps. 

Variation of expansion factors with n and T 
The perturbation theory of the freely-jointed chain 

leads to the following expression for the even moments of 
the end-to-end distance distribution 24'25 

(r2p>=(r2p>(l+,,~=, ~ ) "  + - i ( 4 m  - 1) x 4 ( P ) z - " "  ") ' (30) 

where p = 1, 2 . . . . .  and z is the usual excluded-volume 
parameter. Hence, 

2 2 2 ~ = ( r  >/(ro> = 1 + (4/3)z-  . . .  (31) 

and 

o~2~ = (<r4>/<r4o>)l/2 ---- 1 + (6/5)z-- . . .  (32) 

where, for present purposes, (r~> is taken as <r~,int>. 
Equations (31) and (32) suggest that for positive z 
(expansion), ~2> ~r,,2 and for negative z (contraction), 
~2<~2.  That is, higher moments, which are more 
characteristic of extended configurations, are less affected 
by segment-segment interactions, resulting in uneven 
expansion of the molecular coil. Such behaviour is found 

2 for the chains in Figure 4, as shown in Figure 5, where ~,  
2 and ~r" are plotted as functions of n. 

For  more strongly attractive potentials, such as the L 
J /CP potential, the behaviour 

11 < 1 , 2-z I, (33) 

does not hold at shorter chain lengths. In fact, the relative 
values of expansion coefficients of various moments 
shows subtle changes depending on the frequencies of 
possible separations of pairs of segments (rq) and the 
energies of such separations, as defined by the potential 
function used. Relative increases of statistical weights, 
compared with those of the unperturbed chain, of 
configurations with end-to-end distances less than ( r 4> ~/4 

T c 
1000 0 

~ ~ ~ 1000 -0.65 

1.2 500 0 

500 -0.65 

2' ' ' 'o ' 4 0 40 60 8 1 O0 
/7 

Figure 5 Expansion factors cc~ and 62 on the bases of (ro.int>2 and 
<ro4int) respectively, versus n. ( ) ~ ;  (_ _) ~2,. Non-local 
interactions and temperatures as Figure 4. Values of T (K) and c 
(J nm 6 mol 1) given with curves 

and <r 2> 1/2 will decrease <r 4> and <r2>, respectively. The 
unperturbed chains have <r2>l/2<<r4> TM, hence, a 
suffÉcient condition for the observed behaviour is that 
E(rq) decreases or increases monotonically to zero as % 
increases. However, if the potential has a minimum, this 
condition will not be met for all r 0. With a high 
proportion of separations r~j less than that of the 
minimum of the potential function used, the overall effect 
can be that <r4) 1/2 is reduced by more than <r2>. 

A general point to be noted from Figure 5 is that the use 
of realistic unperturbed dimensions and the Sutherland 
form of potential allows both small and large excluded- 
volume effects to be modelled. Often, excluded volume 
effects in relatively short chains 17,23 are much larger than 
those observed experimentally. For  example, diffusive 
behaviour 4,26,27 shows that excluded-volume effects are 
often negligible for chains of less than about 100 bonds. 

Evaluation of effective cluster integrals 
Two-parameter theories of excluded volume predict 

generally that the expansion coefficient (~r2) is a function 
of z which itself is a function of n and ft. 

That is 

/ 3 '~3/2 
z = ~ )  fin E. (34) 

The theories use freely-jointed chains and are strictly 
valid only in the limit n---~oQ. Of the numerous theories, 
perturbation theory, valid as z-+0, gives equation (31) for 
~r 2, whilst the Flory theory as modified by Stockmayer 28 
gives 

5 3 = (4/3)z (35) ~r 2 - -  ~r  2 

Equation (35) agrees with perturbation theory as z---+0 
and gives proportionality between ~2 and z as z---~,  as 
predicted by simple scaling arguments 29. The values of fl 
given by these two theories for the present chains are now 

2 examined through the calculated values of ~r2 as they 
represent extremes of the numerical values of ~r~ given by 
two-parameter theories. It is interesting to see whether fl 
becomes constant over the range of chain lengths studied 
and to compare the values of fl found with those 
characteristic of the potentials used, i.e. flcalc of equation 
(7). 
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To evaluate fl according to a given theory, equation 
(34) is rearranged to give 

- ~2n<ro>, / /n 2 (36) 

with z evaluated from equation (31) or from equation (35) 
using the known value of ~,2. Actual chains require an 
arbitrary definition of n because fl and n do not occur 
independently in the expressions for ~,~. Two definitions 
clearly suggest themselves for consideration: 

(1) Use of the conventional freely-jointed chain of n' 
links of length b, based on (rE> and r . . . .  with 

<r2> = < r 2  int> =n'b 2 

and (37) 

r m a x = n ' b  

where 2 <ro,int> is that calculated on the basis of 
interdependent local interactions and rma X is the value for 
the all-trans chain. The resulting values of fl are the 
effective values per equivalent freely-jointed segment and 
are denoted fl~. 

(2) Identification of <r 2> with 2 <r0,int> and of n with the 
actual number of chain bonds in the chain. This gives the 
effective value of B per CH z group and is denoted 
accordingly flca~. 

Since excluded-volume theories are based on freely- 
jointed chains, the first approach would seem to be more 
correct. However, fl¢~ for actual chains relates to different 
numbers of segments because the relation between n and 
n' varies with chain flexibility and chain length 1'~8. 
Comparisons with/~a~ are also somewhat ambiguous. 
The second approach gives the effective value of flCH~ 
which may be compared directly with fl~,l~. 

Figure 6 shows fl~ versus n' at 1000, 500 and 298.2 K for 
c = - 0.65 J nm 6 mol -  t determined using the first-order 
perturbation and modified Flory theories to evaluate z 

n=510 20 30 40 50 60 70 80 90 100 1000K 
n=5 .  2.0 . 4.0 , 6.0 , 8.0 , 1(~ 500K 
n =~i. , 30 , 50 298.2K 

200 F 
1000 

P 

0 ~ 5 0 0  

~E -200 
v 

~- -400 x 

-600  

-800 
298.2 

5 10 15 
/ 7 "  

Figure 6 Effective cluster integrals per freely-jointed segment (fleff) for 
the Sutherland potential with c = - 0.65 J nm 6 mol -  1 v e r s u s  n ' ,  the 
number of freely-jointed links in a PM chain of n bonds, fleff evaluated 
according to equations (36) and (37). (P) z evaluated according to first- 
order perturbation theory, equation (31). (F) z evaluated according to 
modified Flory theory, equation (35). Values of T (K) given with curves. 
Uppermost scales relate n and n' at the various temperatures used 

from ~,2. At the higher temperatures, reasonably constant 
values of flefr are obtained. For the highly contracted 
chains at 298.2 K, the tendency to a constant value is not 
apparent by 50 bonds. It was difficult to study longer, 
highly contracted chains because of the slowness of 
convergence. 

Figures 7a and 7b show the values of flcH, at 500 K and 
1000K using the first-order perturbation and modified 
Flory theories for the hard-core potential (c = 0) and the 
same Sutherland potential as in Figure 6. A tendency to 
constant values of fl is again indicated. Notice that, 
although flcalc for ¢ = 0 is independent of temperature, 
flcn, is not. This behaviour results from the temperature 
dependences of the statistics of the unperturbed chains. 
More gauche states occur at higher temperaures. Hence, 
smaller r o occur more frequently, more non-local 
exclusion occurs and flcH2 increases. 

It is apparent from Figures 6 and 7 that two-parameter 
expressions can be used to model actual chains, provided 
the chain is sufficiently flexible and long, and contraction 
or expansion is not too marked. For  PM, n ~  100 is 
required at the (hypothetical) temperature of 1000 K and 
c =  -0 .65  J n m  6 mo l - l .  Longer chain lengths are 
required for stiffer chains. Alternatively, fl may be allowed 
to vary as a function of chain length, when shorter chain 
lengths may be used. The fact that (rE>In is constant is 
not a sufficient condition for a constant value of ft. It is 
clear from Figure 3 that <r2.int>/n has almost reached its 
limiting values at n ~ 100 at 298.2, 500 and 1000 K. 
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Figure 7 Effective cluster integrals per CH 2 segment (flCH,) v e r s u s  n for 
the Sutherland potentials with c = 0 ( ) and 
c = - 0.65 J nm 6 mol -  1 (___). Values of T (K) given with the curves. (a) 
z evaluated according to first-order perturbation theory. (b) z evaluated 
according to modified Flory theory 
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The values of flCH2 given in Figure 7 at the longer chain 
lengths are much smaller than fi~at~ for the potentials used. 
Values of flCH, for 80 and 100 bonds and offl~l~ are shown 
in Table 2. flCH, is between one and two orders of 
magnitude smaller than fl~a~" Regarding perturbation 
theory, the constant C in the generalized form of equation 
(31) 

0~r22 __-- 1 "-{- C z  - -  . . .  (38) 

only attains the value 4/3 at infinite chain length. For  
n=  100, C may be variously estimated to decrease to 
maybe half this value 3° 32. However, the resulting 
increase in flCH2 by a factor of up to two still leaves it much 
smaller than fl~a~c" 

Also shown in Table 2 are values of flat~m, where m is 
the number of real bonds per freely-jointed link t 8. Thus, 
fl~,/m is the average excluded-volume contribution per 
bond on the basis of the equivalent freely-jointed chain for 
the particular chain length (n) and temperature. In all 
cases, fle~/m is also smaller than ficalc" The smaller values of 
flCH~ and fl~/m compared with flCalc are primarily a result of 
the connectivity of segments, flCa~¢, equation (7), assumes 
that interacting pairs of segments have mutual 
separations from 0 to ~ .  This is clearly not possible. The 
present calculations show that the effects of restricting 
segments are large. It is not possible, therefore, to model 
chain dimensions from ab initio calculations based on a 
given potential. The potential must be incorporated into 
the chain structure and local and non-local interactions 
evaluated together. They are not independent; the mutual 
configurational space accessible to a pair of segments i 
and j  depends on rq. The probabilities of various r~j's are 
not only related to li-j] but also to the flexibility of the 
chain between i and j (and to the local and non-local 
interactions of all the other segment pairs). 

The effects of local chain structure may be seen 
approximately by taking the ratio fle~/m to flcu~, as in 

Table 2 Values of flCH~, flcalc and flerf/rn for PM chains of 80 and 100 
bonds at 500 and 1000 K and Sutherland potentials with r~= 0.27 nm 
and c = 0 and - 0.65 J nm 6 tool- ~. ricH: and flefr/m evaluated using first- 
order perturbation (P) and modified Flory (F) theories, m = n/n' is the 
number of real bonds per freely-jointed link. Units of fl are  10 - 3  nm 3 
(=A 3) 

5 0 0 K  1 0 0 0 K  

n 80 100 80 100 

flCH~ (P) 2.59 
flCH2 (F) 3.55 
flcalc 
flefr/m (P) 24.0  
fleff/m (F) 30.7 
(fleff/m)/flCH2 (P) 9.27 
([3eff/m)/flCH= (V) 8.65 

c = 0 J n m 6 m o l  1 

2.80 3.45 3.59 
3.82 5.99 6.34 

82.45 82.45 
25.7 22.6 23.3 
33.9 39.5 42.2 

9.18 6.55 6.49 
8.87 6.59 6.66 

flCH, (P) - 1.19 
flCH2 ( F )  - 1.05 
f l c a l c  
flefr/m (P) - 11.7 
[~e~/m (F) - 9.78 
([3ar/m)/flcH: (P) 9.83 
q3efr/m)/~c82 (F) 9.31 

c = - 0.65 J n m  6 m o l -  I 

46 .74  

- 1.38 2.21 2.27 
- 1.20 3.14 3.30 

65.23 
- 12.9 13.3 13.7 
- 10.6 20.9 21.4 

9 .34 6.02 6.04 
8.83 6.66 6.48 

Table 2. At 500 K, fle~/m is about nine times larger than 
flcn2 and at 1000K about six-and-a-half times larger. 
Thus, for PM at 500 K (or 1000 K) non-local interactions 
really contribute only about 1/9 (or 1/6.5) of the total 
excluded volume per CH 2 segment, calculated on the 
basis of the equivalent freely-jointed chains. The majority 
of the excluded volume is due to trans-gauche energy 
differences and valence-angle restrictions limiting the 
mutual space available to pairs of segments. 

The preceding comparisons of the values of flea,s, riCH2 
and fle~/m in Table 2 and the plots in Figures 6 and 7 show 
clearly that, whilst two-parameter theories may give 
reasonable functional forms for the dependence of c~,~ on 
z, the effective value of the excluded volume per segment 
cannot be derived directly from the segment-segment 
potential function. Similar observations have been made 
by Yamakawa 33 on the basis of the comparison of 
experimental values of second virial coefficients and 
intramolecular expansion factors. 

Effective generalized O-points 
The 0-point is usually defined as the temperature at 

r 2 which ( r  2 )  attains its unperturbed value, (0 , i , t ) ,  in the 
limit if infinite chain length. Also, (s  z) is usually assumed 
to have its unperturbed value, 2 (So,int) at the same 
temperature. However, a single O-point at which all 
moments of the distributions in r and s assume their 
unperturbed values appears to be inconsistent with the 
uneven expansion of the molecular coil, e.g. in Figure 5, 
I~, z , -  11 < [a~2- 1[, inequality (33). By calculating ( r  q) 
and (r~.mt), q = 1,2 . . . . .  10 at various temperatures it was 
possible to find graphically those 0-temperatures, 0,~, at 
which ( r  q) = ( r ~ , i n t ) .  Figures 8a-d show the results for 
four Sutherland potentials as a function of 1In. There are 
uncertainties in the extrapolated values of Or, at 1In = 0 
because, due to lack of computer time, the maximum 
value of n used was only 20 or 30. However, the results 
indicate ranges of 0-temperatures at infinite chain length, 
characteristic of the various moments and potential 
functions, as summarized in Table 3. The ranges of 10- 
20K are probably too small to be detected 
experimentally, hence validating the experimental 
concept of a single, average 0-temperature, which will in 
fact vary with the property (or moment of the spatial 
segmental distribution) being measured. 

All the potentials give 0,~ increasing as q increases, i.e. 
0 r < 0,2 < . . .  0w, with the 0-temperatures drawing closer 
together at the larger values of q. This behaviour is 
characteristic of uneven expansion, with configurations of 
longer end-to-end distances being less perturbed than 
those of shorter ones (cf. Figure 5). The decrease in the 
range of 0-temperatures as chain length increases arises 
from the fractions of excluded configurations (those with 
one or more intersegmental separations % falling within 
the repulsive core of the potential) becoming smaller, and 
the statistical weights of the remaining configurations 
becoming more insensitive to the potential function as 
longer segmental separations become more significant. 
Thus, E .... ~oca~ per bond becomes smaller. However, only 
in the hypothetical limit of E ..... ~oc, l = 0  for all 
configurations will a unique 0-point result, independent 
of moment. 

It can be seen that the form of the variation of 0¢ with 
1In depends on the potential function. The most 
attractive potential, Figure 8d, gives 0-temperatures 
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Figure 8 O-temperatures (0,0 on the bases of various moments ((r~) 
versus 1In. q = 1,2 . . . . .  10; values of  q = 1, 5, 10 indicated with curves. 
Sutherland potentials used: (a) c =  - 0 . 2 3 3 7 J n m  6 mol -~ ;  (b) 
c =  -0 .5236  J nm6 m o l -  ~; (d) c =  -0 .9726  J nm6 mol 

Table 3 Limiting ranges of 0-temperatures and ratios c /RT  for 
Sutherland potentials with rc = 0.27 nm and various values of c 

c Range of 0,~ 
(J nm 6 mo1-1) (K) Range of 104 (c/RT) 

-0 .2337  314 to 327 - 0 . 8 6  to - 0 . 9 0  
-0 .5236  543 to 552 - 1.14 to - 1.16 
-0 .6500  598 to 612 - 1 . 2 8  to - 1 . 31  
-0 .9726  825 to 835 - 1.40 to - 1.42 

which increase with chain length. The least attractive, 
Figure 8a shows maxima between 10 and 20 bonds, and 
then 0-temperatures which decrease as chain length 
increases. To explain the variations in shape, it should be 
remembered that expansion occurs because of the 
exclusion of configurations with small ri/s due to the hard 
core. Above 0, such expansion is partially counteracted 
by the effects of the attractive part of the potential, which, 
because E(r) increases to zero as r---*~, statistically 
contracts the remaining configurations. As the 
temperature is lowered, the configurations with the 
smaller ro's, those lying in the more attractive parts of the 
potential, are emphasized relative to configurations with 
larger rl/s. Thus, an increase in 0,, with n means that 
the hard-core exclusion of contracted configurations 
becomes less important relative to the statistical 
contraction of the remaining configurations due to the 
attractive well. This occurs when the well is sufficiently 

deep and broad, as in Figure 8d. A decrease in 0,, with 
increasing n means that the non-excluded configurations 
become statistically less contracted as n increases so that 
lower temperatures are required to emphasize the more 
contracted configurations. Such behaviour occurs most 
with the weakest potential (Figure 8a), for the larger 
values of n and particularly for the higher moments 
(also in Figures 8b and 8c), which emphasize the 
configurations with larger rl/s. The increase in O,q with n 
for the smaller values of n and the weakest potential arise 
because of the smaller values of r 0, which are influenced 
more by the potential well. Conventional polymer 
theories 29'34 consider only 0,2 and predict an increase 
with n, as in Figure 8d. 

Returning to Table 3, it can be seen that the 0-points for 
infinite chain length increase with the atrractiveness of the 
potential, as denoted by a larger negative value ofc. For a 
freely-jointed or freely-rotating chain in which all 
unperturbed configurations have gloca 1=  0 ,  the value of 
c/RT at the 0-points assumes a value independent ofc for 
a given value of re. This arises from the fact that any 
change in c multiplies Enon.local( = c~,r i j  6)/RT by the same 
factor. Table 3 shows that the magnitude c/RT at the 0- 
points increases as c decreases, i.e. the potential becomes 
more attractive. Ic/RT I can be considered as a measure of 
the attraction required to restore a chain to its 
unperturbed value. Thus, the weaker potentials, with 
lower 0-points and hence, more rigid (unperturbed) 
chains, require less attraction. For the hypothetical chain 
of disconnected segments, c/RT at the 0-point would be 
equal to that value required to make flea.c=0. For 
Sutherland potentials with rc = 0.27 nm, the value of c/R T 
is - 3 . 3 2 x 1 0 - 4 n m  6. The larger value of Ic/RTI 
compared with those from Table 3 again reflects the effects 
of chain structure on restricting segment-segment 
configurational space and interactions. 

Comparison with results from lattice chains 
The importance of accounting correctly for chain 

structure when considering effects of excluded volume is 
apparent from the previous sections. It may be illustrated 
further by investigating whether equivalent lattice chains 
can be used to give properties which scale to those of 
actual Chains. Tetrahedral lattices give a reasonable 
approximation to the rotational states of the carbon 
back-bone. However, second-neighbour interactions are 
required to account for the g±g~ interaction. Results 
using such interactions are not presently available. 
Hence, the results of Clark and La123, using a tetrahedral 
lattice with a g± energy of lkT and no additional g+_g~ 
energy, are considered instead. 

In the work of Clark and Lal, simulation of change of 
solvent was effected by varying the nearest-neighbour 
interaction parameter, AEs, denoting the energy change 
when a site next to a segment becomes full (i.e. becomes 
occupied by another segment). AEs is defined by the 
quasi-chemical equilibrium equation 

AE~=Ell d - E 2 2 - 2 E 1 2  (39) 

where E 11 is the energy when two neighbouring sites are 
empty (solvent-solvent pair), E22 the energy when they 
are occupied by segments (segment-segment pair) and 
E12 is the energy of an empty-occupied (solvent-segment) 
pair. Comparison with equation (1) shows that 
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-AE,=2AE~2.  Further,  the Flory parameter, Z, is 
defined as 

X = z'AE, Elk T = - (z'/2)AE,/k T (40) 

where z' is the effective lattice coordination number for 
segment-solvent contacts involving the internal segments 
of a chain (i.e. chain-ends are neglected). Clark and Lal 
used values of A E J k T  between 0.5 and - 1.5 to reflect 
changes of solvent quality. Their results for a 50-bond 

2 A E s / k T  ~ chain are plotted in Figure 9, as ~,~.~nd versus 
with 2 2 2 2 (ro,i.d) ~trLind:(r  ) / ( r0 , ind)  , taking for the values 
appropriate to the particular lattice used. The 0,~-point 
occurs at AE~= -0.36kT. 

With off-lattice chains, the parameter/3 takes the place of 
Z. The two parameters are related formally for an infinite 
chain by the equation 

f l=2v t (1 /2 -Z )  (41) 

,.2 :__.:__SL 
1.0 

z " 2  . . . . . .  " - /  
I "  

~ r ~  ~ i¢ I 

0.6 1.5 ,, ,, 

/ ' "  1 /' 
0.2 - U  

I I -100 0 100 200 
103./3 (nm 3) 

Figure 1O Expansion factors ct~ for 50-bond interdependent RIS off- 
lattice chains and tetrahedral lattice chains. ( ) Off-lattice chains: 
fl=flcalc at 298.2K (see Figure 1); ct~ =ct~,in t. ( -) Lattice chains: as 
Figure 9 for values of z' given with curves using AEs/kT (=-0.36) 
matched with flcalc (=61 x 10 -3 nm 3) at the 0r~-point (equation (43)) 
and then fl calculated according to equation (42) 

where Vl is the molecular volume of the solvent. In terms 
of AE~, one has, from equation (40), 

fl = v 1 (1 + z'(AEJkT)) (42) 

This equation provides the basis for correlating results for 
lattice and off-lattice chains. However, the parameters are 
not known independently. For  off-lattice chains, fl is 
formally flcalc, but as previously discussed, the effective 
value per segment (flCH2) is a much smaller quantity and 
can only be determined a posteriori. For lattice chains, 
z' is the effective lattice coordination-number because 
segment occupation is not random. Accordingly, v~ is 
also not known. A fixed point at which equation (42) is 
satisfied must be decided upon and then z' can be chosen 
to convert a scale in AEs/kT to one in tic,> In addition, for 
off-lattice chains, fl~a,c can be varied by changing the 
potential or the temperature. For  the present analysis, the 
temperature was fixed at 298.2K, corresponding 
approximately to the g+_ energy of l k T  used by Clark and 
Lal, and fl~alc was varied by using the potentials listed in 
Table 1. 

The present off-lattice results for 50 bonds are shown as 
the solid curve in Figure 10, with 0~r2,int2 plotted v e r s u s  flcalc" 
The lattice results from Figure 9 have been matched at the 

1.4 

1.0 

0.6 02./// 
I I I I I -1.5 -1.0 -0.5 0 0.5 

AE s / kT 

Figure 9 Expansion factor ~jnd v e r s u s  nearest-neighbour interaction 
parameter, AEs/kT, for a 50-bond tetrahedral-lattice chain; AEJk T = 1, 
AE(,,/kT= 0. Derived from results of Clark and Lal z3 

0-point, A E J k T  = - 0.36, giving an equivalent value of fl 
equal to 61 x 10 - 3  nm 3. Other equivalent values of fl at 
various AE,/kT for chosen z' may then be calculated from 
equation (42), after using the condition 

61 =vz(1 - 0.36z') (43) 

to define v~. Curves (dashed) corresponding to z '=  1, 1.5 
and 2 are shown in Figure 10. It is known that non- 
random occupation decreases z' below its random value 
of 2. However, no single value of z' allows the lattice 
results to scale to the off-lattice results. Figure 10 
emphasises again the importance of accounting properly 
for local interactions when modelling chain behaviour. 
The lattice used by Clark and Lal was more elaborate 
then others often used in lattice calculations, for which 
larger variations in z' would be expected. The situation 
may be improved if second-neighbour (g + g~ ) interactions 
are introduced, but then much of the simplicity of the 
lattice calculations is lost. 

SUMMARY AND CONCLUSIONS 

The development of an algorithm reducing rounding 
errors when moving parts of chains in external space 
means that realistic rather than lattice or freely-jointed 
chains can be used in Monte~Carlo calculations involving 
perturbed chains. The present calculations involving the 
PM chain show that chain structure is important and 
must be properly accounted for before meaningful 
expansion factors can be evaluated. The modelling of real 
chains at actual temperatures then becomes possible. 

The Sutherland potential is seen to be a useful potential 
function, allowing systematic variation of its parameters. 
Given the usual approximation of a solvent continuum, 
the use of Sutherland functions and realistic chain models 
is recommended for modelling actual chain behaviour. 
Chain structure influences greatly the effective value of 
the segment-segment cluster integral, flcn2 or fledm. The 
integral cannot be predicted ab initio from the potential 
function used. Further, the simple scaling of lattice chains 
to reproduce properties of actual chains is not possible. 

The uneven expansion of chains means that the concept 
of a single 0-point is not strictly valid. The present 
evaluations of 0~ need to be extended to longer chains 
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and to other chain structures to ascertain whether 0- 
ranges at infinite chain length are experimentally 
significant. The present calculations were carried out 
using a CDC 7600. Array processors and the 
vectorization of algorithms will enable longer chain 
lengths to be studied. 
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